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Abstract: An experimental study was conducted to investigate the fatigue behavior of 28 
reinforced concrete (RC) beams strengthened with post-tensioned prestressed carbon 29 
fiber-reinforced polymer (CFRP) sheets. The experimental program consisted of nine 30 
rectangular section simply supported RC beams: four beams were statically tested to 31 
failure to determine the values of the fatigue loads to apply, and the remaining five beams 32 
were tested under fatigue load. The main purpose of the fatigue tests was to gain a better 33 
understanding of the fatigue performance and failure modes of RC beams strengthened 34 
with post-tensioned prestressed CFRP sheets. The experimental results indicated that the 35 
fatigue failure mode of the prestressed CFRP sheet-strengthened RC beams was tensile 36 
steel reinforcement rupture at the main cracked section. Moreover, the fatigue 37 
performance of the prestressed CFRP sheet-strengthened RC beams was significantly 38 
better than that of both un-strengthened and non-prestressed CFRP sheet-strengthened 39 
beams. Finally, a fatigue life prediction model that considers the gradual deterioration of 40 
performance of the component materials and partial debonding of the FRP was presented 41 
and applied to predict the fatigue life of 28 tested beams with two extreme 42 
FRP-to-concrete interfacial states. The results showed that the predicted fatigue life was 43 
close to the experimentally measured fatigue life for the fully bonded state. Thus, the 44 
effectiveness of the proposed model was verified, and the effect of fatigue-load-induced 45 
FRP debonding along the beam substrate on fatigue life prediction was found to be 46 
insignificant. 47 
Keywords: Prestressed CFRP sheet; RC beam; Fatigue performance; Steel reinforcement 48 
rupture; Fatigue life 49 
Introduction 50 
The application of externally bonded fiber-reinforced polymer (FRP) sheets for 51 
strengthening existing reinforced concrete beams/girders has increased during the past 52 
several decades. The reason that FRP sheets are so popular for strengthening is because 53 
of the high strength/weight ratio, ease of handling and application, the elimination of the 54 
need for heavy equipment, a faster construction rate, and the fact that the FRP does not 55 
corrode (ACI 2002; Su et al. 2011).  56 
FRP strengthening techniques can be classified into two types according to the initial 57 
stress in the FRP material: non-prestressed FRP strengthening and prestressed FRP 58 
strengthening (Meier 1995; Saadatmanesh and Malek 1998; Wight et al. 2001; Benachour 59 
et al. 2008; Mukherjee and Rai 2009; Kim et al. 2010; El-Hacha et al. 2001; Wang et al. 60 
2012; Wang et al. 2014). Compared with the former technique, the prestressed FRP 61 
strengthening provides some distinct advantages (Wight et al. 2001; Benachour et al. 62 
2008; Mukherjee and Rai 2009; Kim et al. 2010; Wang et al. 2012): fully utilizing the 63 
high strength of FRP, improving the serviceability of RC beams, limiting the propagation 64 
of old cracks, delaying the formation of new cracks, and enhancing the stiffness of RC 65 
beams. Based on these advantages of the prestressed FRP technique, various 66 
post-tensioned systems (Triantafillou and Deskovic 1991; Nanni et al. 1992; Nanni et al. 67 
1996; Erki and Meier 1999; Ekenel et al. 2006; Sika CarboStress 2014) and relevant 68 
prestress levels for FRP in application (Sika CarboDur 2005) have been proposed and 69 
extensively used in practice for strengthening structures. 70 
During the past several decades, various experimental and theoretical works (Barnes and 71 
Mays 1999; Shahawy and Beitelman 1999; Papakonstantinou et al. 2001; Aidoo et al. 72 
2004; Heffernan et al. 2004; Brena et al. 2005; Gussenhoven and Brena 2005; Larson et 73 
al. 2005; Masoud et al. 2005; Quattlebaum et al. 2005; Rosenboom and Rizkalla 2005; 74 
Toutanji et al. 2006) have been performed on the fatigue behavior of RC beams 75 
strengthened with non-prestressed FRP sheets. In these studies, some experimental results 76 
showed that the fatigue performance of FRP-sheet-strengthened RC beams was improved 77 
significantly over un-strengthened beams due to the improved beam stiffness with the 78 
addition of bonded FRP sheets (Shahawy and Beitelman 1999; Papakonstantinou et al. 79 
2001; Aidoo et al. 2004; Larson et al. 2005; Rosenboom and Rizkalla 2005). Another 80 
feature is that the majority of the observable fatigue damage in FRP-sheet-strengthened 81 
RC beams was generally accumulated rapidly within the early load cycles (Heffernan et 82 
al. 2004; Gussenhoven and Brena 2005; Quattlebaum et al. 2005). In addition, some 83 
theoretical studies revealed that the fatigue life of FRP-sheet-strengthened RC beams can 84 
be increased when the stress redistribution between the steel and FRP is considered 85 
(Masoud et al. 2005; Toutanji et al. 2006). Moreover, some test results (Barnes and Mays 86 
1999; Brena et al. 2005; Chen and Cheng 2016; Charalambidi et al. 2016) showed that 87 
the fatigue failure of FRP-strengthened RC beams is governed by tensile steel rupture, 88 
rather than the fatigue failure of the component materials (i.e., concrete and the FRP).  89 
Relatively limited work in the literature can be found on the fatigue performances of 90 
prestressed FRP-sheet-strengthened RC beams. In the study of Aidoo et al. (2004), the 91 
authors conducted fatigue tests on eight T-beams strengthened with prestressed CFRP 92 
sheets and found that the fatigue behavior of such retrofitted beams was controlled by the 93 
fatigue behavior of the steel reinforcement. Xie et al. (2012) conducted tests on eight 94 
rectangular RC beams strengthened with prestressed CFRP sheets and found that all 95 
specimens failed due to tensile steel reinforcement rupturing followed by FRP debonding. 96 
The fatigue life of the strengthened beams increased due to the reduction in the steel 97 
stress caused by the externally bonded prestressed CFRP sheet. Wight et al. (2003) 98 
conducted a cyclic load test on a series of RC slabs strengthened with non-prestressed 99 
and prestressed CFRP sheets. The test results showed that the fatigue life of strengthened 100 
RC slabs with CFRP sheets, especially prestressed CFRP sheets, increased significantly.  101 
Although the above-referenced works have explored some aspects of the fatigue 102 
performance of prestressed CFRP-sheet-strengthened RC elements, there remain several 103 
points that are not yet clearly understood, especially relating to the prediction of the 104 
fatigue life of such strengthened members. The main objectives of this paper are 1) to 105 
extend the experimental fatigue database of prestressed FRP-strengthened RC beams, 2) 106 
to present a fatigue life prediction model that considers the gradual deterioration of the 107 
performance of the component materials and the partial debonding of the FRP, and 3) to 108 
investigate thoroughly the failure mode and failure process, especially concerning FRP 109 
debonding near the main cracked section of such strengthened RC beams. 110 
Experimental program 111 
Post-tensioned system 112 
In the present work, a post-tensioned system that was applied successfully in a previous 113 
monotonic experiment (Wang et al. 2012) for CFRP sheets was adopted, as shown in Fig. 114 
1. This system included two end anchorages (i.e., a pulled-end anchorage and a fixed-end 115 
anchorage), tensioning equipment, a steel frame and a series of bolts. The anchorages at 116 
the tensioned and fixed ends were two steel plates, which clamped the impregnated CFRP 117 
sheet tightly by tightening four bolts. The tensioning equipment included a load sensor 118 
used to monitor the variation in the prestress force at the tensioned end and a hydraulic 119 
oil jack for applying the prestress. The detailed procedure for applying the prestressing 120 
forces to the CFRP sheet can be found in the study of Wang et al. (2012). 121 
Test specimens 122 
Nine specimens were tested in this experiment: four beams were tested under monotonic 123 
loading to determine the load carrying capacity, and five beams were tested under fatigue 124 
loading to observe the fatigue performance. All beams had the same sectional dimensions 125 
(i.e., 150 mm width and 300 mm depth) and were simply supported on two roller 126 
supports with a span of 1800 mm. Two-point symmetrical loading was applied on the top 127 
face of each beam to form a 600 mm pure flexural region, as shown in Fig. 2. Seven days 128 
of epoxy resin cure were followed by the application of the CFRP sheet for the 129 
strengthened specimens. All beams were placed in an environmental chamber at a 130 
controlled temperature of 20±2°C and relative humidity (RH) maintained between 55% 131 
and 60% for approximately three months to allow the concrete to shrink freely before 132 
testing. 133 
Specimens SB-1 and FB-1 were un-strengthened reference beams, and the remaining 134 
specimens (SB-2, SB-3, SB-4, FB-2, FB-3, FB-4 and FB-5) were all strengthened with 135 
externally bonded CFRP sheets with varying prestress levels and number of layers (as 136 
specified in Table 1). Among these strengthened specimens, beams SB-2 and FB-2 were 137 
strengthened with one ply of non-prestressed CFRP sheets; beams SB-3, FB-3 and FB-4 138 
were externally bonded with one ply of prestressed CFRP sheets; and beams SB-4 and 139 
FB-5 were strengthened with two plies of prestressed CFRP sheets. The initial prestress 140 
for specimens SB-3, FB-3 and FB-4 was 60% of the ultimate tensile strength of the CFRP 141 
sheets, and 30% of the ultimate tensile strength of the CFRP sheets was used for beams 142 
SB-4 and FB-5. The upper limit of the fatigue load was set to be 40%-50% of the 143 
ultimate load-carrying capacity of the specimens (Pu). This upper limit of the fatigue load 144 
range represents the possible live load acting on typical simply supported RC bridge 145 
girders according to the Chinese bridge design specifications [Ministry of Transport of 146 
the People’s Republic of China (MTPRC) 2004]. The lower limit of the fatigue load 147 
varied from 12%-15% of the ultimate load-carrying capacities to ensure that each 148 
specimen has the same stress ratio (Pmin/Pmax) of 0.3. The notations Pmin, Pmax and Pu are 149 
defined as the lower limit of the fatigue load, the upper limit of the fatigue load, and the 150 
ultimate load, respectively.  151 
Material properties 152 
The cube compressive strength of concrete was measured as 52.4 MPa by averaging three 153 
cube coupons with a side length of 150 mm. Two deformed bars with a diameter of 14 154 
mm were placed in the bottom portion of the beam to serve as the tensile steel 155 
reinforcement, and two bars with the same diameter were placed in the top portion of the 156 
beam to serve as the compressive steel reinforcement. To prevent shear failure from 157 
occurring prematurely, 8 mm in diameter round steel bars were set in the shear span 158 
region with a center-to-center spacing of 50 mm. From the results of the bar tensile tests, 159 
the measured values of the yield strength and elastic modulus were found to be 335 MPa 160 
and 200 GPa, respectively, for the 14 mm deformed steel bar and 280 MPa and 210 GPa, 161 
respectively, for the 8 mm round steel bar. The strengthening material was unidirectional 162 
CFRP sheets manufactured by HITEX cooperation. The CFRP sheets had a length of 163 
1450 mm, a width of 140 mm, and a thickness of 0.167 mm; the measured mean value of 164 
the tensile strength was 3522 MPa, with a standard deviation of 157.2 MPa; and the 165 
elastic modulus was 258.9 GPa, with a standard deviation of 12.5 GPa. A two-component 166 
epoxy resin was evenly brushed on the bottom face of the strengthened beams with a 2 167 
mm thickness. The tensile strength, elastic modulus, and shear strength of the epoxy resin 168 
were 40.2 MPa, 2.77 GPa, and 16.2 MPa, respectively.  169 
Test setup and test procedure 170 
Six vibrating wire strain gauges were attached to the concrete face along the depth of 171 
each beam with a 50 mm spacing to monitor the development of concrete strain at the 172 
mid-span section during the cyclic loading. Two resistance strain gauges were attached to 173 
both the tensile steel reinforcement and CFRP sheets at the mid-span section to measure 174 
the variations and development of the strains in the two materials. Three dial indicators 175 
were placed on the mid-span section and on two supports to monitor their deflections. A 176 
load cell was used to monitor the applied loads. Figure 3 shows a picture of the test setup 177 
for the fatigue tests. 178 
The applied load was a sinusoidal dynamic load with a frequency of 4 Hz, which was 179 
applied on the beams using a MTS fatigue machine with a capacity of 200 kN. The 180 
deflections and strains of the concrete, steel, and CFRP sheets were measured by the 181 
specified instruments, and the propagation of flexural and shear cracks was observed 182 
when the fatigue loading terminated at the first cycle, 100,000th cycle, and up to the 183 
2,000,000th cycle in intervals of 500,000 cycles. All experiments were terminated at a 184 
maximum of 2,000,000 load cycles, regardless of whether failure occurred. 185 
Experimental results and discussion 186 
Static tests 187 
Before the fatigue test, four beams (i.e., SB-1, SB-2, SB-3 and SB-4) were tested under 188 
monotonic loading to determine the magnitude of the loads to apply for the fatigue 189 
specimens according to their ultimate loads Pu. Different failure modes were presented in 190 
the four un-strengthened and strengthened beams. Reference beam SB-1 was controlled 191 
by a typical flexural failure, with concrete crushing in the compressive zone after the 192 
tensile reinforcement steel yielded. For beam SB-2, which had one layer of 193 
non-prestressed CFRP sheets, the CFRP sheet ruptured after partial debonding near the 194 
main flexural crack; subsequent crushing of the concrete in the compression zone 195 
occurred. For beam SB-3, which was strengthened with one layer of post-tensioned 196 
CFRP sheets, the fracturing of individual fibers was observed, followed by complete 197 
rupture of the CFRP sheet near the mid-span section. For beam SB-4, which was 198 
strengthened with two layers of post-tensioned CFRP sheets, failure was observed as 199 
simultaneous concrete crushing and brittle rupture of the CFRP sheets.  200 
Without CFRP sheet strengthening, specimen SB-1 had the lowest cracking load, 17.6 kN, 201 
of all monotonically tested specimens. For beam SB-2, which was strengthened with one 202 
layer of non-prestressed CFRP, and beam SB-3, strengthened with one layer of 203 
prestressed CFRP, the cracking loads were 23.3 kN and 35.7 kN, respectively, 204 
representing an increase compared to SB-1 of 32.3% and 102.8%, respectively. This 205 
increase in cracking load demonstrated the effect of the pre-compression at the bottom 206 
face of the beam resulting from the pre-tensioning action. Alternatively, the cracking load 207 
of SB-4 (44.5 kN) was higher than that of SB-3 due to the increased number of CFRP 208 
layers for strengthening. For the ultimate loads, the non-strengthened beam, SB-1, and 209 
the CFRP strengthened beams, SB-2, SB-3, and SB-4, were experimentally observed to 210 
achieve ultimate loads of 47.3, 77.9, 85.3, and 115.0 kN, respectively, as shown in Table 211 
1. Compared with the un-strengthened beam, SB-1, the load-carrying capacities of the 212 
strengthened beams, SB-2, SB-3, and SB-4, were increased by 65%, 80%, and 145%, 213 
respectively.  214 
Figure 4 shows the applied load versus mid-span displacement responses of all 215 
monotonically tested beams. As can be observed from Fig. 4, the load-displacement 216 
curve of beam SB-1 experienced three stages, which reflected the variations in the 217 
flexural stiffness: the initial non-cracked stage, the cracked stage, and the yielded tensile 218 
reinforcement stage. Moreover, all strengthened beams (i.e., SB-2, SB-3 and SB-4) 219 
showed higher flexural stiffness compared to the control beam, SB-1, in the last two 220 
stages after concrete cracking. Comparing the two strengthened beams, the displacement 221 
of SB-2, with non-prestressed CFRP, was larger than that of SB-3, with prestressed 222 
CFRP. A similar phenomenon can be found in the comparison between beams SB-3 and 223 
SB-4. It is clear that introducing the prestressing force into the CFRP sheets and 224 
increasing the number of CFRP sheet layers can effectively enhance the flexural stiffness 225 
and improve the serviceability of the strengthened beams. 226 
Fatigue tests 227 
Failure modes 228 
No fatigue failure was observed in beams FB-1, FB-2, and FB-3 after 2 million loading 229 
cycles. However, fatigue failure in the form of CFRP sheet rupture for beam FB-4 and 230 
complete CFRP sheet debonding from the bottom face for beam FB-5 were observed 231 
following tensile steel reinforcement rupturing at the 1,730,000th and 1,890,000th load 232 
cycles, respectively, as shown in Fig. 5.  233 
The observed failure processes of the two beams (i.e., FB-4 and FB-5) could be divided 234 
into the following three stages: (1) The crack propagation stage. During this stage, 235 
bending and shearing cracks appeared in the pure flexural and flexural-shear regions of 236 
the beams, and one of these cracks rapidly developed into the main crack. The CFRP 237 
sheet-to-concrete interface around the main cracked section was damaged (i.e., FRP sheet 238 
partial debonding) due to the stress concentration at the root of the cracks, as shown in 239 
Fig. 6. Although this first stage constitutes no more than 10% of the total fatigue life, a 240 
rapid development of the cracks was observed, as shown in Fig. 7. (2) The damage 241 
accumulation stage. After the first stage, the change in observable fatigue damage 242 
became minimal for a long period of time. The increment in the number of cracks, the 243 
development of the maximum crack length, and the maximum crack width all remain 244 
approximately constant, as shown in Fig. 7. This second stage constitutes more than 90% 245 
of the total fatigue life, and minimal degeneration of the flexural stiffness was observed. 246 
(3) The failure stage. After substantial fatigue damage accumulation, the tensile steel 247 
reinforcement ruptured at the main cracked section. Then, the tensile force carried by the 248 
steel reinforcement was transferred to the CFRP sheet, which led to a sudden increase in 249 
the tensile stress in the CFRP sheet. The increase in tensile stress resulted in the fracture 250 
of the CFRP sheet for beam FB-4 and the complete debonding of the CFRP sheets from 251 
the concrete subsurface for beam FB-5. Simultaneously, the concrete was crushed at the 252 
compression zone due to the relatively fast propagation of the main crack. This final 253 
stage lasted a relatively short time. 254 
Crack development and mid-span deflection 255 
During the fatigue loading process, the propagation and development of flexural and 256 
shear cracks in each specimen were recorded at each previously specified benchmark 257 
number of load cycles. Figure 8 shows the distribution of cracks on the surface of one 258 
side of the beams at the various numbers of loading cycles. All strengthened beams 259 
showed more cracks and a smaller crack spacing when compared to un-strengthened 260 
reference beam FB-1. For beams FB-2 and FB-3 with the same fatigue range but different 261 
prestress levels, the number of cracks increased and the spacing of the cracks decreased 262 
due to the additional prestress for beam FB-3. Moreover, the number of CFRP sheets also 263 
affected the distribution of cracks significantly, as seen from the two beams FB-4 and 264 
FB-5 with the same fatigue range and equivalent initial tensile force in the CFRP sheets. 265 
The larger number of cracks and smaller crack spacing for beams strengthened with 266 
prestressed CFRP sheets are believed to be attributed to the ‘bridging actions’ of the 267 
prestressed CFRP sheets in the process of crack formation and development. Higher 268 
prestress induced into the CFRP sheets and more CFRP reinforcement bonded to the 269 
bottom surface of an RC beam increases the depth of the concrete compressive zone, 270 
resulting in an increase in the number of cracks and a decrease in the crack spacing.  271 
Figure 9 shows the relationships between the mid-span deflection and the number of load 272 
cycles at the same load of 19.8 kN for all fatigue specimens. This given load was equal to 273 
the upper limit of the fatigue load for reference beam FB-1. As can be observed from Fig. 274 
9, different specimens presented different mid-span deflections under the same given load. 275 
Among all fatigue-loaded specimens, beam FB-5, strengthened with two layers of 276 
prestressed CFRP sheets, presented the minimum mid-span deflection, and the 277 
un-strengthened beam FB-1 showed the maximum mid-span deflection. The mid-span 278 
deflections of the beams strengthened with one layer of prestressed CFRP sheets (FB-3 279 
and FB-4) were significantly smaller than those of the beam strengthened with one layer 280 
of non-prestressed CFRP sheets (FB-2).  281 
Apart from the mid-span deflections, different specimens showed different increments of 282 
mid-span deflections when the load cycle benchmarks were reached. Compared with the 283 
un-strengthened beam FB-1, all CFRP-sheet-strengthened beams presented lower 284 
increments of the mid-span deflection. For example, beam FB-1 had a deflection 285 
increment of 0.10 mm when 1.5 million load cycles was reached. The corresponding 286 
increments for FB-2, FB-3, FB-4, and FB-5 were only 0.05, 0.03, 0.03, and 0.02 mm, 287 
respectively. The differences in the deflection increments for all strengthened beams were 288 
mainly caused by the differences in the strengthening methods. An externally bonded 289 
CFRP sheet with initial prestressing or greater thickness can limit the propagation of 290 
cracks and enhance the flexural stiffness; therefore, the fatigue performance of such 291 
beams can be improved significantly with these strengthening methods. 292 
Strain response 293 
Figure 10 shows the distribution of the mid-span sectional strain for the strengthened 294 
beam FB-3 under a load of 34.1 kN, which is the upper limit of the fatigue load for FB-3, 295 
at the various levels of load cycles. Since the lower strain gauge attached to the side face 296 
of the strengthened beam was damaged after the 100,000th load cycle, the value of this 297 
stain gauge was unavailable after that point. As seen in Fig. 10, an approximately linear 298 
strain distribution was observed from the 1st load cycle to the 2,000,000th load cycle. The 299 
depth of the concrete compression zone decreased, while the strain values (absolute value 300 
of the compressive strain) of each measurement point increased gradually.  301 
Figure 11 shows the relationships between the compressive strains of the concrete 302 
attached to the top face of the fatigue loaded beams, the tensile steel reinforcement strains, 303 
and the CFRP sheet strains with respect to the number of load cycles at the given load of 304 
19.8 kN. As shown in Fig. 11a, the strains in the steel reinforcement in all specimens 305 
experienced a significant increase with increasing load cycles before the cycle number 306 
reached 100,000 and then increased more slowly during the remaining load cycles. The 307 
same behavior was observed in the developments of the concrete and CFRP sheet strains, 308 
as shown in Fig. 11b and Fig. 11c, respectively. 309 
Although a similar variation trend can be found in the strains for all component materials, 310 
the rate of the strain increments were different depending on the particular component 311 
material. For example, the rate of increment of the concrete strains were 24.72%, 14.7%, 312 
8.64%, 9.7%, and 5.73% for beams FB-1, FB-2, FB-3, FB-4, and FB-5, respectively, at 313 
the 1,500,000th cycle compared to the strains at the first cycle. The differences in the rate 314 
of strain increment are caused by the differences in the prestress level, fatigue loading 315 
range, and CFRP sheet reinforcement. Although beams FB-1, FB-2, and FB-3 had the 316 
same fatigue loading range, the growth ratio of the concrete strain in beam FB-3 obtained 317 
the minimum value. The minimum value of the concrete strain for FB-3 is because the 318 
propagation of the concrete cracks is limited by the externally bonded layer of prestressed 319 
CFRP sheets. Moreover, the number of CFRP sheet layers also affects the rate of 320 
increment of the concrete strains. Due to the one additional layer of CFRP sheets in FB-5, 321 
the concrete strain in FB-5 was significantly smaller than that of FB-4, as seen in Fig. 322 
11b. 323 
Predictive model of fatigue life 324 
As observed from the fatigue test results, rupture of the tensile steel reinforcement at the 325 
main cracked section was the controlling failure mode for the prestressed CFRP 326 
sheet-strengthened RC beams under fatigue loading. This behavior has also been widely 327 
observed in RC beams strengthened with non-prestressed FRP sheets in the related 328 
literature (Barnes and Mays 1999; Papakonstantinou et al. 2001; Heffernan et al. 2004; 329 
Quattlebaum et al. 2005; Toutanji et al. 2006; Yu et al. 2011; Xie et al. 2012). Therefore, 330 
the fatigue life (i.e., the number of load cycles) of non-prestressed and prestressed FRP 331 
sheet-strengthened RC beams can be determined according to the fatigue life of the 332 
tensile steel reinforcement. In this section, an analytical model for predicting the fatigue 333 
life of non-prestressed and prestressed FRP sheet-strengthened RC beams is proposed 334 
based on Miner’s rule (Miner 1945) and the sectional analysis method (Wang and Dai 335 
2013; Wang et al. 2013). In addition, the gradual performance deterioration of the 336 
component materials with increasing load repetitions and the FRP-to-concrete interfacial 337 
state are both considered in fatigue life prediction.  338 
Fatigue damage of tensile steel reinforcement 339 
The accumulated fatigue damage of the tensile steel reinforcement can be calculated 340 
using Miner’s rule: 341 
∑=
i
i
N
nD                                  (1) 342 
where D is the consumed fatigue resistance (D≤1), ni is the specified number of 343 
repetitions for the specified stress amplitude σsi, and Ni is the corresponding number of 344 
repetitions to failure for the stress amplitude σsi. The relationship between Ni and σsi for 345 
deformed and smooth steel reinforcement is given as (BS5400 1978) 346 
dk
sii KN Δ= 0σ                                (2) 347 
where k is the inverse slope of the mean-line logσsi-logNi, K0 is a constant term relating to 348 
the mean-line of the statistical analysis results,   is the reciprocal of the anti-log of the 349 
standard deviation of logNi, and d is the number of standard deviations below the 350 
mean-line. The values of these terms with the mean-line relationship are shown in Table 351 
2. 352 
Using the determined fatigue damage of the tensile steel reinforcement, the fatigue life of 353 
FRP-sheet-strengthened RC beams can be predicted by the summation of the 354 
corresponding fatigue load cycles of each stress amplitude until rupture failure of tensile 355 
steel reinforcement occurs (i.e., D=1): 356 
∑= ip nN                                (3) 357 
where Np is the predicted fatigue life. 358 
Determining stress amplitudes of tensile steel reinforcement 359 
For an FRP-sheet-strengthened RC beam under constant fatigue loading, the stress 360 
amplitude of the tensile steel reinforcement changes continuously with increasing load 361 
cycles due to the generation and propagation of flexural and shearing cracks and the 362 
deterioration of the material performance (ACI 1997), as shown by the dotted line in Fig. 363 
12. To simplify the nonlinear stress amplitude curve-induced complexity in the fatigue 364 
life prediction, a discretization method was adopted to divide the curve into many 365 
constant loading blocks (i.e., each block having the same number of load cycles), and the 366 
stress amplitude was assumed to be unchanged within each specific loading block. From 367 
Fig. 12, note that there is a large gap between the supposed stress amplitude and the 368 
actual stress amplitude in the first few loading blocks (i.e., the crack propagation stage) 369 
when ignoring the gradual development of cracks. Since the crack propagation stage is 370 
short relative to the total fatigue life, the gap-induced error in the lifetime prediction can 371 
be ignored. 372 
Based on the aforementioned discretization method, the sectional analysis method can be 373 
adopted to calculate the maximum and minimum stresses generated in the tensile steel 374 
reinforcement for each loading block. With the sectional analysis method, the 375 
fatigue-load-induced concrete strain and steel strain can be determined with the 376 
assumption of a linear strain distribution, as seen in Fig. 13. In contrast, the FRP strain 377 
cannot be determined with the same assumption because the fatigue-load-induced 378 
FRP-concrete interface damage (i.e., partial debonding) causes a loss of deformation 379 
compatibility between the FRP sheet and the concrete substrate. The fatigue-load-induced 380 
FRP strain will be addressed in the following section separately. Then, based on the 381 
sectional equilibriums of external and internal forces and moments, the following 382 
equations can be expressed: 383 
'''
,0
)]()([)( ssnsccn
x
cncnfpefnfssns AEbdyyyEAEAEP
n
εεεεεε −−−++= ∫             (4) 384 
)()]()([)()()( '''',0 acAEbydyyyEchAEachAEM nssnsccn
x
cncnnfpefnfnssns
n
−+−+−++−−= ∫ εεεεεε   (5) 385 
where P is the axial force (for a simply supported beam: P=0); M is the bending moment 386 
induced by external actions at the main cracked section; cn is the depth of the 387 
compression zone for the concrete at the nth cycle at the main cracked section; Esʹ, Es and 388 
Ef are the elastic modulus of the compressive steel reinforcement, tensile steel 389 
reinforcement and FRP, respectively; Ecn is the effective elastic modulus of the concrete 390 
at the nth cycle; εsnʹ and εsn are the longitudinal strains at the centroid of the compressive 391 
steel reinforcement and tensile steel reinforcement, respectively; εfn is the FRP strain 392 
caused by the fatigue load; εpe is the initial-prestress-induced FRP strain; εcn(y) and εcn, c(y) 393 
are the total strain and creep strain of the specified concrete layer at the nth cycle; Asʹ, As 394 
and Af are the cross sectional areas of the compressive steel reinforcement, tensile steel 395 
reinforcement and FRP, respectively; b is the beam width; aʹis the distance from the 396 
center of the compressive steel reinforcement to the top surface; a is the distance from the 397 
center of the tensile steel reinforcement to the subsurface; and y is the distance between 398 
the centroid of the specified concrete layer and the neutral axis. 399 
Using an iterative approach and combining Eqs. (4) and (5), the maximum and minimum 400 
stresses generated in the tensile steel reinforcement can be obtained by substituting the 401 
corresponding maximum and minimum moments into Eq. (5). With the calculated 402 
maximum and minimum stresses, the stress amplitude of the tensile steel reinforcement 403 
can be determined according to the following equation: 404 
min,max, snsnsi σσσ −=                              (6) 405 
where σsn,max and σsn,min are the maximum and minimum stresses generated in the tensile 406 
steel reinforcement, respectively. 407 
Time-dependent constitutive relationships of component materials 408 
To obtain the maximum and minimum stresses of the tensile steel reinforcement 409 
accurately, the time-dependent constitutive relationships of all the component materials 410 
should be considered within the analytical model. The experimental results of Holmen 411 
(1982) showed that the compressive stress-strain relationship of concrete changed 412 
continuously with repeated fatigue loading due to the internal damage accumulation of 413 
the concrete, as shown in Fig. 14. The effective elastic modulus of concrete after a certain 414 
number of load cycles n can be written as (Sherif et al. 2001) 415 
c
f
cn EN
nE )33.01( −=                              (7) 416 
where Ecn is the effective elastic modulus of concrete, n is the number of fatigue load 417 
cycles, Ec is the initial elastic modulus of concrete, and Nf is the number of load cycles to 418 
failure for concrete, which can be calculated using the following equation (Holmen 419 
1982):  420 
0596.0033.3
max )log(978.1log KSN f −=
−                        (8) 421 
where Smax is the maximum stress level and Smax=σc,max/fc, fc is compressive strength of 422 
the concrete prism, and K is defined by K=1-p, in which p is the probability of failure, 423 
p=0.5 (Holmen 1982).  424 
On the other hand, the total concrete strain (εcn) during the fatigue load consists of two 425 
parts, elastic strain (εcn, e) and inelastic strain (εcn, c): 426 
ccnecncn ,, εεε +=                               (9) 427 
Based on experimental data, Holmen (1982) proposed the following expressions to 428 
calculate the total concrete strain during fatigue loading: 429 
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where tgα is the secant modulus of concrete (tgα=Smax/ε0); ε0 is the concrete strain caused 431 
by the upper limit of the fatigue load at the first cycle; Sc is the characteristic stress level 432 
and is given as Sc=Sm+RMS; t is the duration of the fatigue load (units of hours); Sm is the 433 
mean stress level, where Sm=(Smax+Smin)/2; Smin is the minimum stress level, where 434 
Smin=σc, min/fc; and RMS is the root mean square value of the characteristic stress level for 435 
sinusoidal loading, where RMS=(Smax+Smin)/ 22 . 436 
Although repeated loading on the steel reinforcement causes the accumulation of fatigue 437 
damage, Barsom et al. (1987) and Rösler et al. (2007) both demonstrated that the elastic 438 
modulus of steel reinforcement remains unchanged until immediately before failure, and 439 
no significant plastic deformation was observed from the action of high cycle fatigue 440 
loading. Moreover, test results in Hull’s (1981) research suggested that the mechanical 441 
behavior of FRP sheets was virtually unaffected by fatigue loading. Hence, the 442 
constitutive relationships of steel reinforcement and FRP sheets are considered to be 443 
identical to the initial stress-strain relationships for each loading block. 444 
Determining strain of FRP sheets 445 
The aforementioned sectional analysis method can be used to calculate the stress 446 
amplitude of the tensile steel reinforcement provided that the strain of the FRP sheet was 447 
known. However, it is very difficult to calculate precisely the FRP sheet strain because of 448 
many influencing factors, particularly the properties of the interface bond between the 449 
concrete substrate and the FRP sheet. To simplify the analysis, a limit analytical method 450 
is presented to attempt to establish the relationship between the FRP sheet stain and the 451 
fatigue life of the strengthened beams. In this method, two extreme FRP-to-concrete 452 
interfacial states, the fully bonded state (i.e., the debonding length Ld is equal to 0) and 453 
the fully debonding state (i.e., the debonding length Ld is equal to the length of the FRP 454 
sheet Lf), were considered to determine which state is closer to the actual situation (e.g., 455 
partial debonding of the FRP sheet at the main cracked section, as shown in Fig. 15).  456 
For the fully bonded state, the strain along the depth of the strengthened beam is 457 
completely compatible, and the plane section assumption can be used to calculate the 458 
FRP sheet strain. Therefore, the FRP sheet strain at the main cracked section can be 459 
determined with:  460 
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When full debonding of the FRP sheet occurs, the strain compatibility across the 462 
FRP-concrete interface has been lost, and the FRP sheet strain cannot be determined 463 
using the assumption of a plane section. In this case, the FRP sheet behaves as an 464 
un-bonded steel tendon with two end anchorages (as seen in Fig. 15). Assuming that the 465 
total elongation of the FRP material along the length of the FRP sheet is equal to that of 466 
the adjacent concrete, it can be deduced as 467 
2
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where Lf is the length of the FRP sheet; Δf and Δc are the elongation of the FRP sheet and 469 
the adjacent concrete, respectively; and εcbn is the strain of the concrete adjacent to the 470 
FRP sheet. 471 
For an un-bonded FRP sheet, the stain has a uniform distribution along the length of the 472 
FRP sheet; therefore, the FRP strain at the main cracked section can be given as Eq. (13) 473 
by averaging the total elongation of the FRP sheet.  474 
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If the bending moment at any section is known, the strain of the concrete adjacent to the 476 
FRP sheet can be calculated as  477 
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cbn
cn cn
M x h c
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ε
−
=                           (14) 478 
where M(x) is the bending moment at the section, Icn is the moment of inertia of the RC 479 
beam, and cn is the depth of the concrete compression zone.  480 
Procedure to estimate the fatigue life	481 
The detailed procedure for predicting the fatigue life is as follows:  482 
1. Use Eq. (4) and Eq. (5) to calculate the initial maximum and minimum stresses of 483 
the concrete with the applied maximum and minimum fatigue loads. Initially, the 484 
elastic modulus of concrete is Ec, and the creep strain of each concrete layer is zero. 485 
2. Substitute these stresses into Eqs. (7)-(10) to build the constitutive model for 486 
concrete. These constitutive models are assumed to represent the fatigue behavior 487 
during the whole process of the fatigue loading.  488 
3. With the constitutive models, the sectional analysis at the main cracked section is 489 
conducted to calculate the maximum and minimum stresses and the stress amplitude 490 
of the tensile steel reinforcement in the each loading block using Eqs. (4)-(6).  491 
4. Substitute the value of the stress amplitude of the tensile steel reinforcement into 492 
Eq. (1) and Eq. (2) to calculate the fatigue damage of the tensile steel reinforcement 493 
for each loading block and further obtain the total accumulated fatigue damage.  494 
5. Adjust the constitutive model for concrete at the end of the last loading block; then, 495 
the corresponding stress amplitude and fatigue damage of the steel reinforcement in 496 
the next loading block can be calculated using the same method (i.e., sectional 497 
analysis).  498 
6. Repeat Steps 3-5 until the total fatigue resistance is consumed, and then, the 499 
fatigue life can be obtained after summing the numbers of each loading block using 500 
Eq. (3).  501 
The above described procedure was implemented in a MATLAB-based computer 502 
program.  503 
Model verification	504 
To investigate the relationship between the FRP strain and fatigue life, an experimental 505 
database consisting of 28 prestressed or non-prestressed FRP sheet-strengthened RC 506 
beams (Barnes and Mays 1999; Papakonstantinou et al. 2001; Heffernan et al. 2004; 507 
Quattlebaum et al. 2005; Toutanji et al. 2006; Yu et al. 2011; Xie et al. 2012) was 508 
established. All beams were reported to have failed with the rupture of the tensile steel 509 
reinforcement. Those specimens that failed with other modes or that did not include 510 
essential parameters were not included in the database. Table 3 summarizes the beam ID 511 
and the material parameters for all 28 specimens. In the table, the notations Pmax, Pmin and 512 
Pu denote the corresponding maximum and minimum fatigue load and the ultimate load, 513 
respectively. The notations Ec, Es and Ef represent the elasticity modulus of the concrete, 514 
tensile steel reinforcement and FRP sheet, respectively. The notations Nt, Npu and Npd 515 
represent the tested life and the predicted life corresponding to Ld =0 and Ld = Lf, 516 
respectively. All selected beams had a rectangular section and were simply supported on 517 
the two roller supports. Four-point or three-point fatigue loading was applied to the top 518 
face of the strengthened beams. The fatigue life of each specimen was predicted twice 519 
under two extreme cases (i.e., Ld=0 and Ld=Lf). The aforementioned fatigue life 520 
predictive model was implemented in loading blocks, with each loading block containing 521 
10,000 load cycles (i.e., nc=10,000 cycles).  522 
Figures 16a and 16b show the comparisons between the predicted fatigue life Np and the 523 
tested fatigue life Nt for all 28 beams in the databases for the two bond limit states 524 
specified. The predicted fatigue lives were obtained based on the presented model after 525 
determining the FRP sheet strain using Eq. (11) and Eq. (13). It can be seen that the 526 
predicted fatigue lives of all strengthened beams based on the assumption of Ld=0 are 527 
evenly distributed around the line of Npu/Nt=1. The average ratio of the predicted life to 528 
the tested life (i.e., Npu/Nt) is 1.02, and the corresponding coefficient of variation (COV) 529 
is 0.25 (as seen in Table 3). However, the assumption of Ld=Lf leads to a significant 530 
underestimation of the fatigue lives. The average ratio of the predicted life to the tested 531 
life (i.e., Npd/Nt) is 0.69, and the corresponding COV is 0.28 (Table 3). Therefore, the 532 
predicted results are substantially closer to the test results when the fully bonded state 533 
(i.e., Ld=0) is used. This behavior was consistent with the research results from Sherif et 534 
al. (2001), in which linear strain distribution along the beam section was assumed for 535 
fatigue performance evaluation of FRP-strengthened RC beams. This also demonstrates 536 
that localized partial debonding of the FRP sheets at the main cracked section is 537 
insignificant when analyzing the fatigue life of FRP-strengthened RC beams. 538 
Conclusions 539 
An experimental study focused on investigating the fatigue behavior of RC beams 540 
strengthened with post-tensioned prestressed CFRP sheets was presented. The variables 541 
in the experimental program were the prestress level, fatigue load amplitude, and number 542 
of CFRP sheets. Moreover, a fatigue life prediction model that considers the gradual 543 
deterioration of performance of the component materials was presented and applied to 544 
predict the fatigue life of 28 tested beams considering two extreme FRP-to-concrete 545 
interfacial states. Based on the comparison between the predicted values and the 546 
experimental ones, the effectiveness of the proposed model was verified. The following 547 
conclusions can be drawn from the experimental and theoretical results presented in this 548 
paper:  549 
1. The static tests showed that the flexural stiffness and the load-carrying capacity of 550 
the beams increased with increasing prestress level and number of CFRP sheets; 551 
however, the ductility of the reference beam (i.e., the un-strengthened beam) was 552 
better than that of the beams with externally bonded CFRP sheets.  553 
2. Three distinct stages were observed during the fatigue loading process for 554 
prestressed CFRP sheet-strengthened RC beams. The mid-span deflections, material 555 
strains and crack development of prestressed CFRP sheet-strengthened beams 556 
significantly increased in early loading cycles, which was followed by a long stage 557 
with significantly slower development before final failure occurred. 558 
3. The typical fatigue failure mode of the prestressed CFRP sheet-strengthened RC 559 
beams was tensile steel reinforcement rupture at the main cracked section, followed 560 
by CFRP sheet debonding/rupture. This mode was essentially the same as the 561 
commonly observed fatigue failure mode of beams strengthened with 562 
non-prestressed FRP sheets. 563 
4. The theoretical results showed that the predicted fatigue lives are close to the 564 
tested lives when the FRP sheet is fully bonded. Thus, the effect of 565 
fatigue-load-induced FRP debonding along the beam substrate on fatigue life 566 
prediction is insignificant.  567 
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Table 1. Summary of Test Specimens 
Beam ID CFRP sheet Prestress level (%) 
Fatigue load (kN) Pu 
(kN) 
Pmin/
Pu 
Pmax/
Pu Fatigue life Pmax Pmin 
SB-1 - - - - 47.3 - - - 
SB-2 One ply with cross 
sectional area 
23.38mm2 
- - - 77.9 - - - 
SB-3 60 - - 85.3 - - - 
SB-4 
Two plies with 
cross sectional area 
46.76mm2 
30 - - 115.0 - - - 
FB-1 - - 19.8 5.9 - 
0.12 0.4 
>2,000,000 
FB-2 One ply with cross 
sectional area 
23.38mm2 
- 31.2 9.3 - >2,000,000 
FB-3 60 34.1 10.2 - >2,000,000 
FB-4 60 42.7 12.8 - 
0.15 0.5 
1,730,000 
FB-5 
Two plies with 
cross sectional area 
46.76mm2 
30 57.5 17.3 - 1,890,000 
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Table 2. Parameters for Eq. (2) 
Parameter k K0 △ d 
Ribbed steel reinforcement 4 2.34×1015 0.657 0 
Smooth steel reinforcement 3.5 1.08×1014 0.625 0 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table 3. Comparisons between Tested Life and Predicted Life 
Reference Beam ID 
Ec 
(GPa) 
Es 
(GPa) 
Ef 
(GPa) 
Pmax/Pu Pmin/Pu 
Nt 
(cycles) 
Npu 
(cycles) 
Npd 
(cycles) 
Npu/Nt Npd/Nt 
Papakons- 
antinou 
(2001) 
S-2 34.5 200 72.4 0.63 0.03 880,000 642,879 385,443 0.73 0.44 
S-5 34.5 200 72.4 0.66 0.05 800,000 635,325 380,914 0.79 0.48 
S-6 34.5 200 72.4 0.87 0.06 126,000 121,258 72,701 0.96 0.58 
S-9 34.5 200 72.4 0.78 0.04 235,000 187,634 112,497 0.80 0.48 
S-10 34.5 200 72.4 0.6 0.04 685,000 599,712 359,562 0.87 0.52 
Heffernan 
(2004) 
M-CFa 34.5 210 233 0.7 0.2 900,000 1,312,025 968,186 1.45 1.08 
M-CFb 34.5 210 233 0.7 0.2 890,000 1,312,025 968,186 1.47 1.09 
H-CFa 34.5 210 233 0.8 0.2 340,000 531,520 392,225 1.56 1.15 
H-CFb 34.5 210 233 0.8 0.2 390,000 531,520 392,225 1.36 1.01 
Quattleba- 
um 
(2005) 
C-L(b) 31.5 200 216 0.59 0.16 587,000 666,240 460,341 1.13 0.78 
C-H 31.5 200 216 0.59 0.15 523,000 618,026 427,027 1.18 0.82 
N-H 31.5 200 216 0.58 0.16 800,000 629,553 434,992 0.79 0.54 
Toutanji 
(2006) 
3FI-9 36 210 228 0.6 0.1 259,432 213,064 98,289 0.82 0.38 
3FI-10 36 210 228 0.6 0.1 314,728 213,064 98,289 0.68 0.31 
3FI-11 36 210 228 0.6 0.1 197,954 213,064 98,289 1.08 0.50 
3FI-12 36 210 228 0.7 0.1 74,383 81,968 37,813 1.10 0.51 
3FI-13 36 210 228 0.7 0.1 74,579 81,968 37,813 1.10 0.51 
Barnes 
(1999) 
3 34.5 200 135 0.43 0.04 508,500 491,025 326,469 0.97 0.64 
4 34.5 200 135 0.35 0.04 1,889,200 1,495,732 994,473 0.79 0.53 
Xie 
(2012) 
Ph1 35.2 226 240 0.6 0.06 227,030 195,430 109,635 0.86 0.48 
Ph2 35.2 226 240 0.6 0.06 250,071 195,430 109,635 0.78 0.44 
Ph3 35.2 226 240 0.6 0.06 377,688 195,430 109,635 0.52 0.29 
Yu 
(2011) 
LJP-2 25.5 210 30.2 0.39 0.07 1,780,000 1,932,372 1,814,250 1.09 1.02 
LJP-3 25.5 210 30.2 0.51 0.07 420,789 536,258 503,477 1.27 1.20 
LJP-4 25.5 210 30.2 0.62 0.07 130,000 144,073 135,266 1.11 1.04 
LJP-5 25.5 210 30.2 0.75 0.07 54,000 65,873 61,846 1.22 1.15 
Present 
work 
FB-4 35.6 200 258.9 0.5 0.15 1,730,000 1,772,354 1,462,951 1.02 0.85 
FB-5 35.6 200 258.9 0.5 0.15 1,890,000 1,682,450 1,156,418 0.89 0.61 
Mean          1.02 0.69 
COV          0.25 0.28 
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Fig. 1. Post-tensioning system for pre-stressed CFRP sheet
Figure Click here to download Figure Fig 1.pdf 
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Fig. 2. Details of test specimen (unit in mm)
Figure Click here to download Figure Fig 2.pdf 
Fig. 3. Test setup
Figure Click here to download Figure Fig 3.pdf 
Fig. 4. Load-displacement responses of static test beams
Figure Click here to download Figure Fig 4.pdf 
(a)
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Fig. 5. Fatigue failure modes: (a) FB-4; (b) FB-5
Figure Click here to download Figure Fig 5.pdf 
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Fig. 6. FRP-concrete interface damage: (a) FB-4; (b) FB-5
Figure Click here to download Figure Fig 6.pdf 
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Fig. 7. Crack development versus load cycles at the corresponding upper limit fatigue load of each
specimen: (a) Crack number; (b) Maximum width of crack; and (c) Maximum length of crack
Figure Click here to download Figure Fig 7.pdf 
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Fig. 8. Cracks distribution maps of all fatigue tested specimens (1W = 10,000 loading cycles)
Figure Click here to download Figure Fig 8.pdf 
Fig. 9. Mid-span deflections versus load cycles at the given load of 19.8 kN
Figure Click here to download Figure Fig 9.pdf 
Fig. 10. Sectional strain distribution versus load cycles at the given load of 34.1 kN (FB-3)
Figure Click here to download Figure Fig 10.pdf 
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(c)
Fig. 11. Strains versus load cycles at the load of 19.8 kN: (a) Steel reinforcement; (b) Concrete; and (c)
CFRP sheet
Figure Click here to download Figure Fig 11.pdf 
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Fig. 12. Discretization of steel stress amplitudes
Figure Click here to download Figure Fig 12.pdf 
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Fig. 13. Strain-stress distribution at the main cracked section
Figure Click here to download Figure Fig 13.pdf 
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Fig. 14. Stress-stain relationship for concrete
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Fig. 15. The mechanical behavior of FRP sheet during the fatigue loading
Figure Click here to download Figure Fig 15.pdf 
(a)
(b)
Fig. 16. Tested life versus predicted life for two limit states: (a) state 1: Ld = 0; (b) state 2: Ld = Lf
Figure Click here to download Figure Fig 16.pdf 
